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ABSTRACT 
A modified opt ica l  potent ia l  approach is  introduced fo r  electron- 
atom sca t te r ing  a t  l o w  energies whereby the formal opt ica l  po ten t ia l  
i s  used d i r ec t ly  i n  a var ia t ional  expression f o r  sca t te r iq  phase 
shif ts .  This approach has the advantage t h a t  one may include t h e  
e f f e c t  of second order op t ica l  po ten t ia l  without recourse t o  the 
usual adiabat ic  approximation. The diagramatic approach associated 
with the present method makes it possible t o  ident i fy  d i f fe ren t  
contributing terms with d i f fe ren t  physical e f f ec t s ,  and thus t o  assess  
the r e l a t ive  importance of various physical e f f e c t s  involved in  the 
sca t te r ing  process. To test the approach as  a p rac t i ca l  method for  
l o w  energy electron-atom scat ter ing,  we applied it t o  the case of 
electron-helium sca t te r ing  f o r  energy range 1.2 ev. t o  16.4 ev. 
Good agreement with avai lable  experimental data has been obtained. 
The contributions of various multipole components i n  the second O r -  
der op t i ca l  potent ia l  are examined. I n  par t icu lar ,  the e f f e c t  of 
exchange i n  second order opt ical  potent ia l ,  usually neglected i n  most 
calculat ions,  was found t o  be very s ignif icant .  
INTRODUCTION 
In e e  theoret ical  calculation of electron-atom scat ter ings a t  
low energies,  the d i f f i c u l t y  i s  well-known t o  be one of complexity. 
That is, the problem one faces is  t o  make sui table  approximations 
t o  the solution of the complicated, but  known, many-body Schrodinger 
equation such t h a t  good r e s u l t s  may be obtained with reasonable e f f o r t ,  
From a physical point  of view, the approximation scheme m u s t  take in to  
account two important physical e f f ec t s ,  the exchange e f f e c t  and the 
d i s to r t ion  e f fec t .  The exchange e f f e c t  arises from the Pauli  exclu- 
sion pr inciple  between the incident e lectron and the atomic electro_rsi. 
I n  general t h i s  i s  taken in to  account i n  theoret ical  calculat ions by 
e x p l i c i t l y  antisymmetrizing the t r i a l  solution. The dis tor t icn e f f e c t ,  
or  the polar izat ion e f f ec t ,  a r i ses  from the d is tor t ion  experienced by 
the atomic electrons i n  the presence of the incident  e l ec t ron ' s  Cou- 
lomb f i e l d .  The d is tor t ion  or the polar izat ion of the ta rge t  atom i n  
turn produces a potent ia l  on the sca t te r ing  electron.  When the scat-  
t e r ing  electron i s  s ta t ionary,  o r  moving slowly, the atomic electrons 
w i l l  polar ize  and adjust  adiabat ical ly  t o  the posi t ion of the scat-  
t e r ing  electron.  A t  large distances the dominant polar izat ion poten- 
t i a l  i s  the dipole potent ia l  - a 4. where a, is  the polar izabi l i ty  of 
the atom. This is  the familiar adiabat ic  condition usually assumed 
r 
1 fo r  low energy sca t te r ing  processes. 
condition fo r  low-energy electron-atom 
It  has been shown2 t h a t  i n  the case of 
te r ing  the incident e lectron,  given t o  
The va l id i ty  of the adiabat ic  
sca t te r ing  is  rather  dubious. 
electeon-hydrogen atom scat-  
be a t  r e s t  a t  i n f i n i t y ,  would 
be accelerated by the a t t rac t ive  adiabat ic  po ten t ia l  such t h a t  it will 
acquire speeds comparable to that  of the atomic electrons while s t i l l  
several  atomic distances away from the t a rge t  atom. For atoms such 
as  a l k a l i  atoms where the polar izabi l i ty  i s  large,  the va l id i ty  of 
+ -2- . 
adiabat ic i ty  can be expected t o  be even worse, The non-adiabatic 
e f f e z t  w i l l  be considerable. The actual  potent ia l  a s  seen by the 
s-at ter ing electron i s  therefore a very complicated non-local (ve- 
l o c i t y  dependent) one. I n  pract ice  the conventional theoret ical  
m e t % o d s  are  l e s s  able t o  cope with the above mentioned d is tor t ion  
e f f ec t .  The famil iar  close-coupling method' does include some non- 
adiabat ic  e f f ec t s  b u t  the complexity of the resul t ing close-coupled 
integro-different ia l  equations severely l i m i t s  the number of atomic 
s t a t e s  one is  able t o  close-couple- This i n  t u r n  w i l l  give wrong 
asymptotic values fo r  the effscti.6.e po ten t ia l ,  I n  addition, the 
close-coupling method as app lkd  t o  e-H scat ter ing showed tha t  the 
convergence is  poor a s  the number of close-coupled states is in- 
~ r e a s e d . ~  
close-coupling approximation is the f a c t  t h a t  it requires  a knowledge 
of the Wave functions of excited atomic s t a t e s .  This makes the method 
much less general i n  pract ise  than it appears. There are  other methods 
such as  the var ia t ional  approach and Temkin's non-adiabatic approac5 
w h i c h  do take non-adiabatic e f fec ts  i n t o  account more completelyo 
these methods are  e i the r  developed for  special  cases o r  become d i f f i -  
cuBt fo r  complex atom cases and are  therefore r e s t r i c t i v e  i n  t h e i r  
p rac t i ca l  applications.  
4 
A more serious prac t ica l  d i f f i c u l t y  associated with the 
6 7 
But 
Another general approach is  the opt ica l  po ten t ia l  method where 
the e f f e c t  of the ta rge t  a t o m  on the sca t te r ing  p a r t i c l e  is  repre- 
sented by an equivalent one-body potent ia l .  The opt ica l  po ten t ia l  
approach w a s  f i r s t  applied t o  atomic sca t te r ing  problems by Mittlelrran 
and Watson8 and others.  
where the incident pa r t i c l e  i s  an electron introduces some addi t ional  
complications. T h i s  was s e t  on a more rigorous bas is  by Bell and 
Squires' who used basis  wave functions and a diagramatic approach 
The Pauli pr inciple  e f f e c t  fo r  the cases 
-3- 
similar  t o  the Bruckner-Goldstone'B linked-cluster perturbation 
expansion &ichwas successfully applied by Kelly t o  the atomic 
I I  correlat ion energy calculations.  Formally, t h i s  op t ica l  poten- 
Y) 
t i a l  does contain a l l  the non-adiabatic e f f ec t s ,  as previously 
described, through the propagators w h i c h  contains operators f o r  
the sca t te r ing  electron.  Conventionally, a f t e r  obtaining the 
formal opt ica l  po ten t ia l  expression, one proceeds t o  calculate  the 
sca t te r ing  wave function by solving the one-body Schrodinger equa- 
t i on  w i t h  the appropriate opt ical  potent ia l .  However, the f a c t  t h a t  
operators for  the scat ter ing electrons a re  contained i n  the propa- 
gator  makes the opt ica l  potent ia l  extremely d i f f i c u l t  t o  evaluate 
and one is  forced t o  make the adiabat ic  approximation. Moreover, 
even the adiabat ical ly  approximated second-order op t ica l  potent ia l  
can only be evaluated i n  i t s  asymptotic region, yielding the ex- 
dipole polar izat ion potent ia l .  To remedy pected dominant 
the divergent behavior a t  small r ,  some ad hoc cut-off parameters 
4 -+ 
m u s t  be introduced such as the parameter d,  i n  the Buckingham type 
poten t ia l  - 
c r i t e r ion  fo r  choosing the parameter d. 
. Unfortunately, there  i s  no consis tant  0 4  
12 
(rz+ d2.Y 
To avoid t h i s  d i f f icu l ty ,  we suggest a modification of the 
conventional op t i ca l  potent ia l  approach. Instead of t rying t o  solve 
the opt ica l  po ten t ia l  expression and then t rying t o  solve the sub- 
sequent Schrodinger equation, we use the opt ica l  potent ia l  d i r ec t ly  
i n  a var ia t ional  expression for  the sca t te r ing  phase s h i f t s .  The 
associated diagramatic approach i n  enumerating d i f f e ren t  perturba- 
t ion  t e r m s  i n  the opt ical  potent ia l  expression has two advantages, 
F i r s t ,  it enables one t o  improve the phase s h i f t  a s  one includes 
higher order op t ica l  potent ia l  i n  a systematic and t rac tab le  fashion, 
-4- . 
Secondly, it is possible t o  associate d i f f e ren t  physical e f f e c t s  with 
d i f f e r e n t  diagrams. Thus one is  able t o  evaluate the individual con- 
t r ibu t ions  of the d i r ec t  and the exchange p a r t  of the opt ica l  poten- 
t i a l  f o r  each multipole component. 
Of  course, our m a i n  aim is t o  obtain a general method t h a t  i s  
a l s o  prac t ica l .  As i n  common w i t h  any perturbational approach, the 
convergence of the opt ical  potent ia l  expression depends on the bas is  
wave functions one uses,  which i n  turn depend on the "Single-particle 
Potent ia l"  one chooses t o  generate them. For a well-chosen s ingle  
p a r t i c l e  V , one hopes t o  obtain good r e s u l t s  with the inclusion of 
only up t o  the second order opt ical  potent ia l .  The second order op- 
S 
t i ca l  poten t ia l  contribution t o  the phase s h i f t  can be then evaluated 
without recourse t o  adiabat ic  approximations o r  the introduction of 
any ad hoc parameters. I n  t h i s  paper, we have adopted the above pro- 
cedure i n  a calculat ion of electron-helium scat ter ing fo r  energies 
from 1.2 ev. t o  16.4 ev. w i t h  grat i fying r e su l t .  
I n  Section I1 we review the single  p a r t i c l e  potent ia l  and the 
r e s u l t  of the formal opt ica l  potent ia l ,  f i r s t  derived by Bell and 
Squires. The var ia t ional  expression fo r  phase s h i f t s  i n  terms of 
op t i ca l  po ten t ia l  i s  given. The appl icat ion t o  the e-He sca t te r ing  
is carried out with numerical procedure described i n  Section 111. 
Results and discussions a re  presented i n  Section I V .  Concluding 
remarks are  given i n  Section V. 
Section 11: REVIEW OF THE FORMAL OPTICAL POTENTIAL 
The formal opt ica l  potent ia l  fo r  a system of ident ica l  fermions 
w a s  f i rs t  derived by B e l l  and Squires' i n  the context of nuclear 
sca t te r ing  problems. The r e s u l t  is  of course applicable t o  electron- 
-5- 
t 
a t o m  scat ter ings a s  well. I n  their treatment, B e l l  and Squires ob- 
ta ined the formal opt ica l  potent ia l  through the construction of 
Green's function for the system. In  the following brief review, 
we aim t o  give some pzaus ib i l i ty  argument f o r  t h e i r  f i n a l  op t i ca l  
po ten t i a l  expression- To add some c l a r i t y ,  we have m a d e  a s l i g h t  
deviation by invoking the r e s u l t  from the Brueckner-Goldstone linked- 
c l u s t e r  perturbation expansion. '' 
readers t o  the or ig ina l  papers by B e l l  and Squires. 
For detailed derivation we r e f e r  
9 
The system we are considering i s  the sca t te r ing  of an electron 
by a neutral  atom w i t h  z atomic electrons.  The t o t a l  Hamiltonian 
f o r  the system, neglecting the motion of the heavy atomic nucleus, 
i s  : 
Where the symbol Ti i s  the sum of the k ine t i c  energy f o r  the 
electron and the nuclear Coulomb interact ion act ing on it. 
& 
c = K . + V  4 L, (2.2) 
and c i s  the mutual Coulomb in te rac t ion  between the ith and the 
jth electron. 
3 
The sca t te r ing  equation we are in te res ted  i n  solving is  
Where E is  the to ta l  energy of the system. 
i.e. the sum of the energy of the i n i t i a l  neutral  atom, So 
and the i n i t i a l  k ine t i c  energy of the incident electron ke2/ZAL/ il 
. 
To construct a 
the solut ion 9 can 
-6- 
basis  from which a per turbat ional  expansion for  
be obtained we f irst  approximate the e f f e c t  of 
the interact ing pa r t i c l e s  by a s ingle  p a r t i c l e  potent ia l  Vs so tha t  
the t o t a l  system is  approximated by an unperturbed system 9 with 
a Hamiltonian 
0 
/ k 
"he choice of the s ingle  p a r t i c l e  po ten t ia l  Vs, a t  this point ,  
i s  completely a rb i t r a ry  except t h a t  it should be Hermitian so that  
the s ingle-par t ic le  wave functions yh sat isfying 
form a complete orthonormal set. 
wave function i s  a Sla te r  determinant formed from (2 + 1) single  
p a r t i c l e  s t a t e s  
Z states i n  should represent the ground state of the atom. This 
demands that the Vs should generate a complete set of 
t h a t  the lowest 2 states coincide with the Hartree-Fock states of 
The unperturbed Z + 1 par t i c l e  
. Physical condition makes it desirable t h a t  _sp, 
% 
5 such 2 
the  ground state atom. The complete set o f  5 are used as the 
basis f o r  perturbation expansion. 
x 
I n  t rea t ing  a system of ident ica l  fermions, it is  desirable  t o  
use second quantization formalism since the commutation re la t ions  of 
the creat ion and destruction operators fo r  s ingle-par t ic le  s t a t e  
automatically take care of the Pauli  pr inciple  between electrons.  
Using the basis j u s t  defined, the Equations ( 2 . 5 )  become, i n  the 
second quantization formalism, 
. - 7- + 
and 
are the usual creat ion and destruction opera- 
. They obey the Fermi-Dirae an t i -  L t o r s  fo r  s ingle  p a r t i c l e  s t a t e  
commutation relat ions.  The exact expression for  the matrix e lements  
The summation of the matrix elements is  over d i s t i n c t  elements 
only, e.g. < / r / n n )  is  not  d i s t i n c t  from the matrix element f 
< f V 1% > 
Let us  designate m,(z) as  the Hartree-Fock ground s t a t e  of 
atom. The number Z is  used to  remind us t ha t  the wave function is  
a Z electron function. Following Goldstone”, the s ingle  p a r t i c l e  
s t a t e s  occupied i n  ${z] are cal led unexcited s t a t e s  while the r e s t  
0 
are  cal led excited s t a t e s .  A n  unoccupied unexcited s t a t e  K3 
is  cal led a hole, and an occupied excited s t a t e  i s  called a p a r t i c l e ,  
The unperturbed sca t te r ing  sys t em $e (Z+/) is 
+e 7; le> ( 2 - 8 1  
Goldstone1’ showed tha t  the t r u e  ground s t a t e  of the atom $ 
i s  
-8- . 
and 
The t rue ground state 6 , through Wick's theorem, may be 
represented by a sum of d i s t i n c t  diagrams where a "par t ic le"  is 
represented by a l i n e  directed upwards while a "hole" i s  represented 
by a l i n e  directed downwards. The unperturbed ground-state Hartree- 
Fock atom is  the "Vacuum" s t a t e .  The matrix elements ( p f / " / m f i >  
and r f / / / m c )  are  represented a s  graphs shown i n  Fig, 1. 
Carrying out the time integrat ion,  one obtains 
L (2 .11)  
*ere the sum is  over linked diagrams only. In  general, the dia- 
grams representing $ 
but  has a maximum of 2 z l ines  a t  the top, z p a r t i c l e  l i nes  and 
z hole  l ines .  
has no p a r t i c l e  or  hole l i n e s  a t  the bottom 
Similarly the t r u e  solution f o r  the e n t i r e  sca t te r ing  system 
is  
- X (  / - E-H,+t  & 
The diagrams representing $ has 
bottom (incoming electron ko) and a 
the top, z 3. 1 p a r t i c l e  l ines  and z 
% +  (2-12) H 9  'I 4 I $ )  D 
only one p a r t i c l e  l i n e  a t  the 
maximum of ZZ+/ l ines  a t  
hole l ines .  
. 
. -9 L 
To obtain the t rue scat ter ing electron wave function 
( 2 - 1 3 )  
I n  terms of diagrams, is the sum of - a l l  l inked diagrams where 
a p a r t i c l e  l i n e  of ko is  directed upward a t  the bottom and only one 
"par t ic le"  l i n e  a t  the top as i l l u s t r a t e d  i n  Fig. 2. The opt ica l  
po ten t ia l  fo r  this pa r t i c l e ,  as f i rs t  derived by Bell and Squires, 
i s  then 
(2.14) 
Where the symbol LP means t h a t  one sum diagrams only t h a t  a re  
linked and proper, using the designation of B e l l  and Squires. By 9 
''proper" they mean those linked diagrams which a re  not linked by one 
p a r t i c l e  l i n e  a t  any intermediate s t a t e .  The diagram Fig. 3a i s  
a proper diagram while the diagram Fig. 3b is  not. The reason f o r  
the requirement of the "proper" diagrams i n  the opt ica l  po ten t ia l  
expression can be explained as follows. I f  there i s  only one "par- 
t i c l e "  l i ne  a t  some intermediate s t a t e  of the diagram, it means t h a t  
out of the (Z + 1) electron system there are Z electrons i n  the un- 
exci ted s t a t e s ,  i.e. the atom is  i n  i ts  ground state. Thus the 
restriction on "pr6per" diagFms i s  equivalent t o  the r e s t r i c t i o n  i n  
conventional op t ica l  potent ia l -  formulation t h a t  the ground s t a t e  of 
atom can not occur i n  the intermediate s t a t e .  
- <  
8 
Since the opt ica l  potent ia l  i s  defined f o r  the bas i s  s t a t e s  v 
, the sca t te r ing  electron s a t i s f i e d  the one-particle -% 
-10- . 
The t o t a l  op t ica l  potent ia l  rB i s  then 
chokce of Single Pa r t i c l e  Potent ia l  
The general op t ica l  potent ia l  i n  Eq (2.14) yield i n  f i r s t  order, 
three d i f f e ren t  diagrams as  shown i n  Fig. 4a, b,  c. I f  one chooses 
the s ingle  p a r t i c l e  Vs t o  be the Hartree-Fock poten t ia l  & defined 
by i t s  matrix element 
(2.15) 
where the summation is  over a l l  the Hartree-Fock o r b i t a l s  of the 
ground atom state- The potent ia l  i n  Fig. 4c cancels exactly the 
terms shown i n  Fig. 4a and Fig. 4b. The f i r s t  order op t ica l  poten- 
t i a l  vanishes exact ly  and the leading terms are  the second order 
op t i ca l  potent ia ls ,  d i r ec t  and exchange, a s  shown i n  Fig. 5a and 
Fig. 5b. These are  the terms we sha l l  r e t a i n  i n  our calculation. 
As mentioned before, the closer  one chooses the s ingle  p a r t i c l e  
po ten t ia l  Vs t o  resemble the actual  sca t te r ing  s i tua t ion  the better 
the convergence. A close examination shows t h a t  the s ingle  p a r t i c l e  
states one generates w i t h  GF 
difference term, equal t o  the usual s t a t i c  approximation with ex- 
change. Thus even i n  zero order we have a phase s h i f t  value which 
i s  expected t o  be correct  a t  high energies. 
is ,  except f o r  the constant energy 
3 
Another remark can be made about the choice of Vs. 
of Vs is  by no means l imited t o  the one i n  equation (2.15). 
The choice 
For 
example, we can wri te  a more general expression, 
-11- 
The projection operator 
s t a t e  o rb i t a l ;  V i s  some arb i t ra ry  potent ia l  one may wish t o  intro- 
duce. The expression ewa t ion  (2.16) w i l l  always s a t i s f y  the condition 
projects  out  the nth Hartree-Fock atomic 
P 
t h a t  it generates the Hartree-Fock ground s t a t e s  of the atom. W e  shall 
re turn  t o  equation (2.16) l a t e r  i n  the discussion. 
When we choose 
configuration space 
z 
vss 
t 
is, 
L=/ 
, the s ingle  pa r t i c l e  equation (2.6) i n  
%F 
more expl ic i t ly ,  
The Hartree-Fock o rb i t a l s  of atomic ground state is generated 
s ince for  i=n the d i r e c t  and the exchange terms cancel so the s t a t e  
n sees a potent ia l  due to Ifhe nucleus and (N-1) other o r b i t a l  elec- 
t rons.  For excited s t a t e s I  no such complete cancel la t ion occurs so 
the s t a t e  n sees a f i e l d  of nucleus and N o r b i t a l  e lectrons.  From 
11 the works of Kelly for  Be and 0 , 
s t a t e s .  This w a s  found t o  be t rue 
invoked the Levinson’s theorem and 
s t a t e s  but  none w e r e  found. 
The continuum single  pa r t i c l e  
one expects t h a t  no bound excited 
a l so  f o r  the Helium case here. W e  
looked fo r  other bound exci ted 
s t a t e  (h, 1, 112, M5) i s  determined 
R2 by l e t t i n g  &=s A i n  equation ( 2 . 1 7 ) .  Since helium atom i s  
f ) tL  
close-shelled, we can assume spherical  symmetry and wri te  
. 
I 
-12- 
where the 
I m  
the spin eigenfuctions. 
radical equation, 
(qy) is the usual spherical harmonics and xs ()n,)is 
The radical function R(4 ,(jy)satisfies the 
At large distances from the atom where the potential is effectively 
zero R(A Q ; r) becomes 
rfR,r 5 Y 1 k r  [a @,t)  a, ( b d  -6 5 b (A,/) $ ( h p j ]  
(2.20) 
The ’ ( b y )  &td $ ( b y )  are the spherical Bessel and spherical 
Neumann functions respectively. We adopt the normalization given 
in equation (2.19). 
normalized it can be shown” that in calculations one may replace 
a, 
With the radial wave function R(k,l  j ).) thus 
the summation over intermediate gtates Q by an investigation over 
k with a factor - , i.e. (3 J R  
25 = c g J  dk a (2.21) 
The k(&,i)is the zeroth order scattering phase shift, which 
is very similar to the result of static approximation with exchange. 
Scattering Phase Shift 
As mentioned before, it is impracticable to solve the Schrodinger 
-13- 
equation of the scat ter ing electron since it w i l l  then be necessary t o  
To make the adiabat ic  approximation of the opt ica l  potent ia l  
avoid t h i s  dilemma, we s h a l l  instead obtain phase s h i f t  through a vari- 
a t iona l  expression.13 
here ) 
%P 
(Normalization convention ( 2  20)  i s  imposed 
(2.22)  
. But the r ad ia l  func- 
t i on  ;Pck,l ; r )  satisfies the radial  equation (2.19) , we thus 
m e  correct ion t o  zeroth order phase s h i f t  i s ,  
I n  the present calculation, we s h a l l  only re ta in  the contribution 
due t o  the second order opt ical  po ten t ia l  corresponding t o  Figures 5a 
and 5b. The direct and the exchange potent ia ls  contribute respect ively 
. 
-14- 
The angular momentum indices of k, ,a: k" states have been 
suppressed i n  equations (2.25) and (2,26). The integrat ions over 
k' & k" are used since we have adopted the normalization as  
given i n  equation (2 .20) .  The atomic s t a t e  n f o r  helium is  i n  / s  
state. Both o r b i t a l  electrons i n  helium contributes t o  the d i r e c t  
pa r t ,  while only one o r b i t a l  e lectron contributes t o  the exchange 
par t .  When angular momentum indices are  specified,  we can fur ther  
ident i fy  the contributions f r o m  various milltipole components. For 
example, l e t  ko be i n  S-state, then for  k '  and K" both in S-state 
we have the monopole component while dipole contribution comes from 
k' and k" both i n  P-state. We sha l l  use the notation 1 1 , t o  
denote these multipole contributions. For helium, where the atomic 
o r b i t a l  s t a t e  i s  S-state 4s S , the matrix element fo r  monopole 
component for  S-wave is  denoted (SSSS) and the dipole component 
comes from matrix element type (SSPP), etc. For  P-wave, the mono- 
(c, n k' & 
pole component matrix element i s  (PSPS) w h i l e  the dipole component 
comes from (PSSP) and (PSDP) matrix elements, e tc .  
Section 111: NUMERICAL PROCEDURE 
I n  this calculat ion the ground s t a t e  helium wave function 
were taken a s  the "compromise wave, function" of Roothaan, Sachs 
and Weiss.I4 The integro-different ia l  equation (2.17) fo r  the 
r ad ia l  function of the continuum s t a t e s  was solved by Numerov's 
method . l5 The solution i s  integrated out from or ig in  t o  R=lOAo 
(un i t  i s  Bohr rad ius) .  I te ra t ive  procedure is  used and convergence 
c r i t e r ion  is s a t i s f i e d  when successive values of the in t eg ra l  
. 
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used a mesh size 0-01 A. throughout. Zeroth order phase s h i f t  
5 ( i ,&)  and the normalization w e r e  computed by f i t t i n g  the wave 
0 
function a t  two points i n  the asymptotic region, usually R=9.5Ao 
and R=lOAo. 
I n  evaluating a l l  integrals  o r  matrix elements, Simpson or  
modified Simpson ru l e s  w e r e  csed. In the integrat ion over k' 
and k" we used the l i m i t  k '  and k" = 10, Higher k ' ,  k" region 
gives negligible contributions. 
Section IVz RESULTS AND DISCUSSIONS 
In  Table 1 we have tabulated the phase s h i f t  values from the 
and t~ / present calculat ion fo r  1s 0 
range 1 . 2  ev. t o  16.4 ev. A l s o  presented there are  our zeroth 
order p b s e  s h i f t s  To compare with other theore t ica l  calculations-, 
these are  p lo t ted  ir, Figures 6a ar,d 6b. For S-wave phase s h i f t s ,  
the s t a t i c  approximation with exchnge of Morse and Allis16 d i f f e r s  
from our zeroth order values through ths  energy difference term. 
For P-wave, the energy difference term vanishes and indeed our zeroth 
order r e s u l t  agrees w e l l  with t h a t  of Morse and A l l i s .  The calcu- 
l a t i o n  of LaBahn and Callawayl? takes i n t o  account the d i s to r t ion  
e f f e c t  (dipole component only) b u t  employs the adiabat ic  approxima- 
t ion ,  A s  can be seen, our r e s u l t  l i e s  between t h a t  of LaBahn and 
Callaway and t h a t  of Morse and A l l i s -  It is  not too surpr is ing 
since the adiabatic-exchange calculation of LaBahn and Callaway i n  
general tends t o  overestimate the polar izat ion e f f e c t  while the 
s ta t ic  approximation w i t h  exchange of Morse and A l l i s  completely 
neglects it. It i s  interest ing t o  observe t h a t  a t  low energies our 
p a r t i a l  waves i n  energy 
t 
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resclts are closer  t o  the r e su l t s  of LaBahn and Csllaway b u t  move 
taward the values cf Morse and A l l i s  3 s  the energy of the sca t te r ing  
e lec t ron  increases I indicating the growing importance of the non- 
adiabat ic  e f f e c t ,  
that cf o m  zeroth Order phase s k l f t ,  E t  s e e m s  t h a t  even i n  t h i s  
appl icat ion where the polar izakf l i ty  of helium is  relatively small, 
the non-adiabatic e f f e c t  is s t i l l  appr.s.z.dable and the adiabat ic  con- 
d i t i o n  can be va l id  only a t  v ~ r y  l o w  energy regions, For more polar- 
izable  atoms s;ch as the aikall atoms. one may have t o  take i n t o  
ac.zount t5e non-adLabati- ef fec t  evsn at zero ene rw,  
A t  higher energies we expect our r e s u l t  t o  approach 
The t o t a l  crcss sectLon i s  p lo t ted  i n  Fig- 7 along with the 
theore t i -a l  c a l c d a t i o c  of LaBahn and Callaway'' and two experimen- 
t a l  r e s u l t s I  one by Ramsauer and Kollath18 and the more recent one 
by Golden zad Bandel, l9 
follows closely w i t h  the experirnental r e s u l t  of Golden and Bandel a t  
higher er?_erc%res b,t dL=-erqes ts kf.kr, i ty a t  low energy, i s  not d i s -  
played i n  Fsq, ? W e  have sc s2dsd  ~ a r  c x v e  below 1 - 2  ev, by 
extzapolatl.:g c a r  pkras;. shift vai,ee belcw k Z 0 , 3 ,  O u r  r e s u l t  is  
very good and L i i s ,  i n  generalp between the two experimental r e s u l t s .  
I n  pa r t i cu la r ,  the shape of our CLIIVE! i s  remarkably s i n f l a r  t o  that  
of Golden and Bandel, 
The result of Morse and A l l i s 1 6 ,  which 
The mon?eritum t ransfer  cross seetion data c f f e r s  a n t h e r  com- 
parisonc T h i s  ms sho-m in FlgP 8 ,  Again mr r e s ~ l t  gives much 
be t t e r  agreemt.nt with the experimental data of Crompton and Jory 
ar,d tha t  cf Frost and Fhelps, Z h ~ s  t h  r e s u l t  of t h i s  calculat ion 
indicates  t h a t  the present approach, with the inclusion of second 
order op t i ca l  potential, - is s-afficiect t o  y i e l d  good r e s u l t s  fo r  
electron-atom scat ter ings.  
20 
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1?1e dLagramatic apprpach of the present method, a s  mentioned 
e a r l i e r ,  o f fe rs  the poss ib i l i ty  of assessing the contribution of dif-  
f e r en t  physical e f f e c t s -  There a re  two questions of interest  we can 
explore with regard t o  the contribution of the second order op t ica l  
pstentdal  t o  scat ter ing phase skklf tsu The f i r s t  one concerns the ex- 
change contrlbLtLon Qf tke second order op t ica l  potent ia l .  The second 
one concerns the r e l a t ive  irr:per+a?ze of d i f fe ren t  multipole components 
i n  the second order op t ica l  potent ia l ,  
Calculations t o  date  usl ja l ly  include the adiabat ical ly  approxi- 
mated d i r ec t  e f f e c t  t o  the secocd order while re ta ining only the f i r s t  
order exchange e f f i c t -  In FAgs, 9 and 10 we have plot ted the mono- 
pole,  d i p i e  and qcadrupole. conponents of the second order d i r ec t  
and exchange contribution t o  the S-wave and P-wave phase s h i f t s  
respect ivelyo The d i r e c t  cmtr ibut ion  comes from both o r b i t a l  elec- 
t rons wk,Lle only one c r b i t a l  e lectron of p a r a l l e l  spin contributes 
t o  the exrh-inge term, I n  most cases,  the d i r e c t  and the exchange 
contributions have opposite s1g-W and therefore they cancel each 
other ,  So tke nst c o r i t r l b ~ i t l o n  [exespt for  Fig. loa)  from each m u l -  
t ipo le  is  the difference between the d i r e c t  (D) and the exchange (E)  
curves i n  Figs, 9 and 10, 
For S-wave phase s h i f t ,  a s  seen from Figs. 9abc, the exchange 
contribution from the monopole compomnt i s  very large,  being near- 
l y  ha l f  t h a t  of the d i r ec t  one. I n  the dipole pa r t ,  the exchange 
contribution is lessI but  i s  s t i l l  about 20-30% of the larger  
d l t e c t  contribution, For qcadrupole, the exchange p a r t  i s  about 
40% of the d i r ec t  one although both a re  small. 
For P-wave phase s h i f t ,  the monopole component of the exchange 
pa r t ,  surpr is ingly,  has the  same sign a s  the d i r e c t  one. The t o t a l  
monopole contribLtion i n  t5is case {FigD loa)  is the sum of the 
-18- 
t w o  curves. The dipole contribution f o r  P-wave comes f r o m  t w o  types 
of matrix elements, the PSSP and the PSDP type. Their exchange con- 
t r i bu t ion  is  ident ica l  t o  the P-wave monopole exchange (Fig. loa)  
and the  qyadrupDle exchange ( F i g ,  1 O c )  values respect ively and thus 
are not  k d i v i d a a l l y  drawn there,  Since these t w o  exchange contr i -  
but ions have opposite s i g n s ,  the q t  dipole exchange contr ibut ion 
for  P-wave is  snz l l ,  For the quadrupole contribution we have cal- 
culated the matrix element or' PSPD type. The exchange contribution 
is s l i g h t l y  la rger  i n  magnitude than the direct  part. 
The carves i n  Figs, c f  and 10 a l so  show the r e l a t i v e  importance 
of d i f f e ren t  nleltlpole coctributions t o  the phase sh i f t .  I n  general, 
as expected, the ne t  dipole contribution is  indeed dominant s ince 
the long range polar izat ion e f f ec t  comes f r o m  here. However ,  the 
ne t  monopole Contribution fs qaite s izable  especially f o r  the S- 
wave case, beifig Ln general  about 50% of the dipole contribution. 
The n e t  cpsdrrrpcle contribution is i n  general much s m a l l e r .  High- 
er  multipole corSr-5utians are expected t o  be small and therefore  
are not  included, 
F r o m  thesei one concludes t k a t  Fn general the exchange contr i -  
bution of the second order op t ica l  po ten t ia l  i s  very s igni f icant  
and must be properly included along w i t h  the d i r e c t  part. 
I n  a recent  dynamic-exchange calculation22, LaBahn and Callaway 
observed t h a t  a better r e su l t  can be obtained when they included only 
the dipole contribution component while neglecting the monopole com- 
ponent. I n  the l i g h t  of tke present  calculat ion th i s  may be explained 
as follows, I n  their  calculation, as i n  m o s t  ca lculat ions m a d e  t o  
date, the second order exchange effect  i s  neglected. For the m o s t  
important S-wave phase s h i f t ,  our present  calculat ion s h o w s  that  
the n e t  monopole contribution (see Fig. 9a) tu rns  out t o  be near ly  
__ 
. 
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equal. to  the exckange par t  of the dipcle contribution (Fig. 9b) ,  
The neglezt of the second order exchange contribution and the omis- 
s ion  of the mcr.Dpole contribution thus balances each other and gives 
a result very close t o  the correct one, On the other hand, i f  both 
the direct dipole and monopole zmtrsbut lons are  included b u t  w i t h  
t h e i r  respective exc*range par t s  neglected, as i n  t h e i r  calculation, 
the tctsl =ontrZbuAtLo?+ becsolrses lsrger tkran the true one by almost a 
fac tor  of twc, S i x e  t h i s  near c2rizellation is purely coincidental, 
both tke exz?-ange e f f e c t  and t?e mo?opole contribution should be 
properlli. l-.cl;ded i n  any c a l r x l a t A o n ,  
I n  t k ? - s  3ppll=a%ion we l a v e  not calculated phase s h i f t s  fo r  
energies bslow 1-2 ev. zkne s h y l e  p a r t i c l e  po ten t ia l  V we have 
used fo r  t h i s  calc-!ilatlon k s  the Bartree-Fock poten t ia l  Vm. 
zeroth order phase s h i f t  is essent ia l ly  the r e s u l t  of s t a t i c  approxi- 
matLon w i t 3  ex-kange- In this senss, the present calculation i s  ex- 
S 
The 
pected t o  be mozs a c c ~ r s t e  as energy increases. The second order 
op t i ca l  potenr ,.?f rL*r-tr2b=Joticn the2 c3r r les  the load of describing 
the e n t k e  d,stL?rz:rjn effect, 
For extrenely law en3rgy rsq11~3~~s where the polarization e f f e c t  
is most h p o r t a - t  and *e ad-abatEz approximation is most l i k e l y  t o  
be usefzl ,  one msy c 3 ~ o s e  a s l igh t ly  dLfierent s ingle  p a r t i c l e  po- 
t e n t i a l  V and 2 s  the one i n  ~lq~ciation Q2,16) with V equal t o  some 
cemmonly used polar Ezation pcIt&_.rt-.al six3 as  the  Buekingham poten- 
tial or the type ef potential given by &the23 and Caflaway- 
TemkFn,24 The z e r o t h  order phase shift then includes already the 
e f f e c t  of adiabatze polar.lzstion, The first  order op t ica l  poten- 
tial w i l l  not Pn gsneral v a n i s h -  The first  and the second order 
op t ica l  potential w i l l  carry a much l i gh te r  load of describing 
only the non-adiabatic corrections,  The f l e x i b i l i t y  of the choice 
6 
P 
* 
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S in sk,cda enable one t o  lise this approach i n  a wide range of 
ecergies  
SectioR Ve CONCLUSION 
In  thLs paper we have introdt ied a XodifFed opt ica l  po ten t ia l  
apprGach for  the calculat ion of e l a s t x  electron-atom sca t te r ing  a t  
low energies,  The method i s  general and in principle  can be readi ly  
applied t o  cases where the ta rge t  atom is more complex. Corrections 
t o  the e l a s t i c  phase s h i f t  by higher orders op t ica l  potent ia l  can be 
included in systematic marp-er azd the P a ; l i  pr inciple  i s  preserved 
i n  each order- F r m  tke res-dts of our application t o  the e-He 
sca t te r lng  I n  t h i s  paper, the apprcaek: I s  shown t o  be able t o  y ie ld  
excellent r e s u l t s  with the anzl;sFs_? of only up t o  the second order 
op t ica l  po ten t ia l ,  This important feature  makes the present approach 
not only general bu t  a l so  prac t ica l ,  The freedom i n  choosing the 
s k g l s  p a r t i c l e  potent ia l  V g ~ ~ ; s e s  the method an addi t ional  degree of 
f l e x i b i l i t y ,  Another featmi? assacl3ted with the method is  the f a c t  
t h a t  one nay study tke fnfluenze of v a r - o ~ s  physical e f f ec t s  i n  de- 
t a i l ,  Thils i n  the e-He case w? fc,_id tha t  the e f f e c t  of exchange 
i n  t>e second order optical pcaterrial LS actual ly  very s igni f icant  ., 
Higher order diagrams, f o r  exaTple? c3n yield information on the 
influence of the many-body carrelst ion e f f ec t s  on the sca t te r ing  
pracess. 
S 
Perhaps the most appealing f e a u r e  of the present approach i s  
its sJnpl ie i ty ,  
one tarz simply generate tke complete s e t  of s ingle  p a r t i c l e  wave 
functions and compute the secsnd order optical  po ten t ia l  contr i -  
Sutes t o  phase s h i f t s  :n a straL3'4it-farward manner. There i s  no 
Once the single p a r t i c l e  potent ia l  Vs is  chosen, 
need f o r  the dubious adiabatic approxEmation, with its usual prab- 
lems sEch as  the determication of the dipole po la r i zab i l i t y  value 
* 
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a or the uncertainty of the choice of ad hoc cut-off parameters. 
The modified optical potential approach is now being applied to 
other more complex scattering situations. 
necessary to further assess the usefulness and limitations of the 
present method as a practical approach for general electron-atom 
elastic scatterings. 
These investigations are 
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Figure 1. Diagrams representing various interact ion matrix 
e l e m e n t s :  (a) Single pa r t i c l e  po ten t ia l ,  
(b) Direct interact ion with hole s t a t e  n, 
(c) Exchange interact ion w i t h  hole s t a t e  n. 
(d) General interact ion matrix elements 
Figure 2. A genera 1 
bo 
diagram f o r  
Figure 3 .  
(a) A linked and proper diagram. 
(b) An improper linked diagram where a s ingle  
p a r t i c l e  l i n e  occurs i n  intermediate s t a t e .  
}~: - -x 
Figure 4. Phase s h i f t  corrections from the f i r s t  order 
op t ica l  potent ia l  diagrams. 
t 
Figure 5. Phase s h i f t  correct ions due t o  the second 
order opt ical  po ten t ia l  diagrams. 
(a)  D i r e c t  t e r m .  
(b) Exchange term. 
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